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Abstract 

We consider G2-structures on 7-manifolds that are warped products of an interval and a six- 
manifold, which is either a Calabi-Yau manifold, or a nearly Kahler manifold. We show that in these 
cases the G2-structures are determined by their torsion components up to a phase factor. We then 
study the modified Laplacian coflow ^ + 2 d ((G — TrT) (fi) of these G2-structures, where ip 

and tp are the fundamental 3-form and 4-form which define the G2-structure and is the Hodge 
Laplacian associated with the G2-structure. This flow is known to have short-time existence and 
uniqueness. We analyse the soliton equations for this flow and obtain new compact soliton solutions. 


1 Introduction 


Geometric flows play a very important role in the study of various geometric objects. Flows of G 2 - 
structures on 7-dimensional manifolds have been first introduced by Robert Bryant in [3]. The original 
Laplacian flow of G 2 -structures was given by 


d(p 

'm 




( 1 . 1 ) 


where ip is the 3-form that defines the G 2 -structure (and hence the metric), and = dd* + d*d is the 
Hodge Laplacian associated with this G 2 -structure. In general, this is a non-parabolic, non-linear PDF 
for ip na. However, if initially y is a closed (or sometimes known as calibrated) G 2 -structure, that is 
when dip = 0, the flow (HH) becomes a flow of closed G 2 -structures (since A^p = dd*p becomes an exact 
form), and acquires much nicer properties. This flow of closed G 2 -structures can then be interpreted 
as the gradient flow of Hitchin’s volume functional M- Also, as it has been shown in Una, it has 
short-time existence and uniqueness, and moreover a stability property |23j . There has also been work 
done on related flows of G 2 -structures - such as heat flows by Weiss-Witt Enn] and a general overview 
of flows of G 2 -structures by Karigiannis [la, as well as the Laplacian coflow of co-closed G 2 -structures, 
which was introduced by Karigiannis-McKay-Tsui in [la. This was a Laplacian flow ^ = —A^tp of the 
dual 4-form b = which is now assumed to be closed, so that A^tp is an exact form and preserves the 
closed property oi ip. It was later shown by the current author in m that the Laplacian flow of co-closed 
G 2 -structures is not even a weakly parabolic flow, and in fact the symbol of the operator A.^ip has a 
mixed signature. Therefore, a modified Laplacian coflow was introduced in m- 


-^ = A^iP + 2d{{C-TiT)p). (1.2) 

Here TrT is the trace of the torsion tensor of the G 2 -structure defined by the 4-form ip and G is any 
constant. Note that if ip is co-closed, then the right hand side of (11.21) is exact and hence the flow preserves 
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the cohomology class of 4 ’ in the same way as the original Laplacian coflow. The flow (HH) is weakly 
parabolic in the direction of closed forms and short-time existence and uniqueness of solutions was shown 

in [T^ . 

In |19) the authors have considered the behavior of the original coflow on manifolds with symmetry - 
in particular, where the 7-manifold is a warped product of 1-dimensional space L (either a line interval or 
a circle) and a six-dimensional space - which is either a Calabi-Yau or a nearly Kahler manifold. As 
originally shown by Ivanov and Cleyton in [7], G' 2 -structures on such warped product manifolds always 
have a vanishing 14-dimensional torsion component, which excludes the possibility of them admitting a 
non-torsion-free closed G 2 -structure. However, the 7-dimensional torsion component can be set to zero, 
leaving only the symmetric part of the torsion tensor, and this gives a co-closed G 2 -structure. Therefore, 
it is natural to study flows of co-closed G 2 -structures on these manifolds. In this case, the complicated 
PDEs from the general case then become more manageable since the spatial part of the equation reduces 
to a 1-dimensional problem on L. Furthermore, if soliton solutions are considered, the equations reduce 
to a system of ODEs which can be solved explicitly in some cases. In this paper we will produce a similar 
analysis, but for the modified flow (EH). 

The outline of the paper is following. In Section [5] we give an introduction to G 2 -structures and 
torsion and in Section [3] we specialize to the case of the warped product manifold x L. We rederive 
the expression for the torsion components of a G 2 -structure on such a product manifold and give an 
expression for the full torsion tensor. In particular, we also show that generically, in this case, the torsion 
components in fact determine the G 2 -structure up to a phase factor. We express the torsion in terms 
of parameters a, (3 ,7 and show how they give the G 2 -structure. The parameters a and /3 determine the 
1 © 27 part of the torsion, while 7 determines the 7 part of the torsion. The restriction to co-closed 
G 2 -structures is then equivalent to setting 7 = 0 . In Sectional we then express the Laplacian of the 
G 2 -structure in terms of a, /3 ,7 and in Section [S] we derive the modified Laplacian coflow (11.21) for the 
warped product G 2 -structure. In the special case where is a Calabi-Yau manifold, and when G = 0 in 
(ll.2p we find explicit separable solutions, which, as expected, blow up in finite time. Finally, in Section[ 6 l 
we specialize to soliton solutions of dia. The equations that we obtain are a system of three nonlinear 
first order ODEs, which are similar to the third order nonlinear ODE obtained in m for the standard 
Laplacian coflow. However, due to the extra freedom that we get by including the constant G in , we 
are able to obtain new non-trivial solutions. In particular, in the case when is a Calabi-Yau manifold, 
we obtain explicit solutions that are periodic and are thus defined when L = S^. Hence these are compact 
soliton solutions. In the more complicated case when is nearly Kahler, the equations are still very 
difficult to analyze, however we systematically consider solutions where at least one of the dependent 
variables is constant. This way we recover some of the solutions given in [19], as well as new solutions. 


2 G 2 -structures and torsion 


The 14-dimensional group G 2 is the smallest of the five exceptional Lie groups and is closely related 
to the octonions. In particular, G 2 can be defined as the automorphism group of the octonion algebra. 
Taking the imaginary part of octonion multiplication of the imaginary octonions defines a vector cross 
product on H and the group that preserves the vector cross product is precisely G 2 . A more detailed 
account of the relationship between octonions and G 2 can be found in mm .The structure constants of 
the vector cross product define a 3-form on K^, hence G 2 can alternatively be defined as the subgroup 
of GL(7,M) that preserves a particular 3-form |16j . In general, given an n-dimensional manifold M, a 
G-structure on M for some Lie subgroup G of GL (n, R) is a reduction of the frame bundle F over M 
to a principal subbundle P with fibre G. A G 2 -structure is then a reduction of the frame bundle on a 
7-dimensional manifold M to a G 2 principal subbundle. It turns out that there is a 1-1 correspondence 
between G 2 -structures on a 7-manifold and smooth 3-forms (p for which the 7-form-valued bilinear form 
as defined by ( 12 .ip is positive definite (for more details, see [ 2 ] and the arXiv version of [T5]L 


{u, = Q (u-ip) A (v^ip) A p 


( 2 . 1 ) 
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Here the symbol j denotes contraction of a vector with the differential form: 

Note that we will also use this symbol for contractions of differential forms using the metric. 

A smooth 3-form ip is said to be positive if B^p is the tensor product of a positive-definite bilinear 
form and a nowhere-vanishing 7-form. In this case, it defines a unique metric and volume form vol 
such that for vectors u and v, the following holds 

Pin (u, v) vol = - (u-iip) A (v-iip) A ip (2.2) 
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In components we can rewrite this as 

i9v)ab = (det s)“5 Sah where Sab = ■ (2-3) 

Here jg the alternating symbol with = -|-1. Following Joyce f|I6jb we will adopt the 

following definition 

Definition 2.1 The pair {ip,g) for a positive 3-form ip and corresponding metric g defined by \2.2\} will 
be referred to as a G 2 -structure. 

Definition 2.2 Given a G 2 -structure {ip,g), define the Hodge star that is associated with (ip,g), the 
dual A-form ip = *pip and the Laplacian 

Note that up to an overall sign of the orientation, a G 2 -structure can alternatively be defined using 
the 4-form ip. In this case, we will say that {ip,g) is a G 2 -structure giving the Hodge star and the 
Laplacian A^. 

Given a G 2 -structure, the spaces of differential forms decompose orthogonally according to irreducible 
representation of G 2 . In particular, 2-forms split as = Ay © Af 4 , where 

Ay = {aAip: for a vector field a} 

A?4 = {w e A^: (wah) e 02} = {w e A^: wjy: = 0} 

Using Hodge duality, a similar decomposition exists for 5-forms. 

The 3-forms decompose as A^ = Af © Ay © A^y, where the one-dimensional component consists 
of forms proportional to ip, forms in the 7-dimensional component are defined by a vector field Ay = 
{ajip: for a vector field a}, and forms in the 27-dimensional component are defined by traceless, sym¬ 
metric matrices: 

^27 = {x e A^ : Xabc = V W = fT-[aTbc]d for hab traceless, symmetricj . (2.4) 

Again, by Hodge duality a similar decomposition exists for 4-forms. A detailed description of these 
representations is given in nig. 

The intrinsic torsion of a G 2 -structure is defined by V:/?, where V is the Levi-Civita connection for 
the metric g that is defined by (p. Following (TS], it is easy to see 

e A^ © A? ^ W. (2.5) 

Here we define W as the space Ay © Ay. Given (12.5|) . we can write 

= T^^'f’ebcd ( 2 - 6 ) 

where Tab is the full torsion tensor. We can also invert ()2.6I) to get an explicit expression for T 

Ta^ = Y^{^aTbcd)f’^^^''- (2.7) 
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This 2-tensor fully defines Vtp since pointwise, it has 49 components, and the space W is also 49- 
dimensional (pointwise). In general we can split Tab according to representations of G 2 into torsion 
components'. 

T = Tig + TTjnp + TiiTT27 ( 2 . 8 ) 

where ti is a function, and gives the 1 component of T. We also have T 7 , which is a 1-form and hence 
gives the 7 component, and, T 14 € gives the 14 component and T 27 is traceless symmetric, giving 
the 27 component. Hence we can split W as 

W = ITi © W7 © Wi 4 © IH27. ( 2 . 9 ) 

As it was originally shown by Fernandez and Gray [ 8 ], there are in fact a total of 16 torsion classes of 
G 2 -structures that arise as the G 2 -invariant subspaces of W to which Vip belongs. Moreover, as shown 
in [18) . the torsion components relate directly to the expression for dip and dll’. In fact, in our notation, 

dp = 4:Tiijj — A p — 3 * iip {T 27 ) (2.10a) 

dtp = —Att A tp — 2 * Tn- (2.10b) 

Note that in the literature (lai, for example) a slightly different convention for torsion components is 
sometimes used. Our ri component corresponds to jTq, T 7 corresponds to —ri in their notation, T 14 
corresponds to \t 2 and i<^ (T 27 ) corresponds to — . Similarly, our torsion classes VFi ©IF 7 © IF 14 © H 27 

correspond to Wq © Wi © W 2 © W 3 . In our notation the subscripts denote the dimensionally of the 
representation, while in the alternative notation the subscripts denote the degree of the corresponding 
differential form. Also the constant factors are different because we consider the Ti as components of 
the full torsion tensor T, while in the alternative point of view they are regarded as components of the 
differential forms dp and dtp. 

Definition 2.3 A G 2 -structure is said to be torsion-free ifT = 0. Equivalently, dp = 0 and dtp = om 

Definition 2.4 A G 2 -structure is said to be closed if dp = 0. Equivalently, T = T 14 . 

Definition 2.5 A G 2 -structure is said to be co-closed if dtp = 0. Equivalently T = Tig + T 27 , that is, 

the skew-symmetric part of T vanishes, and the tensor T is thus fully symmetric. 

Note that sometimes closed and co-closed G 2 -structures are called calibrated and cocalibrated, respec¬ 
tively. 

Example 2.6 A special case of a co-closed G 2 -structure occurs when T 27 = 0. In this case, we have 
dp = Aritp with ti constant. G 2 -structures of this type are called nearly parallel, and they are Einstein 
manifolds, with Ric = Gr^g. In particular, the round sphere admits a nearly parallel G 2 -structure 


3 G 2 -structures on warped product manifolds 

Consider an SU (3)-structure (gQ,uj,fl) on a 6-manifold - where ge is a Riemannian metric, a; is a 
compatible Hermitian form of type (1,1), and H is a nowhere vanishing smooth complex-valued 3-form 
of type (3, 0). The SU (3)-structure forms uj and H satisfy algebraic constraints 


H A w 

= H A w = 0 

(3.1a) 

a;3 

= 6 volg 

(3.1b) 

HAH 

= — Sfvolg 

(3.1c) 
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Since we are restricting our attention to Calabi-Yau and nearly Kahler 6 -nianifolds, the exterior derivatives 
of oj and satisfy the following relations 


duj 

= -3AReU 

(3.2a) 


3 3 - 



= --AU--AU 

2 2 

(3.2b) 

d{l 

= 2 Xiuj^ 

(3.2c) 

d{u;^) 

= 0 

(3.2d) 


where A is a constant. Note that A = 0 corresponds to a Calabi-Yau manifold, and generally we will set 
A = 1 for a nearly Kahler manifold. The Ricci curvature Rice of a nearly Kahler manifold of type A is 
given by 

Rice = 5Xge (3-3) 

More details on nearly Kahler manifolds are given in [iniiso]. 

Now suppose L is a 1-dimensional manifold and consider = TV® x L with r a local coordinate on 
L. An induced G 2 -structure on is given by 

(fi = Re n -I- dr A w (3.4a) 

^ = ^w^d-ImriAdr (3.4b) 

57 = dr^ -h 56 (3.4c) 


More generally, let F (r) be a smooth, nowhere-vanishing complex-valued function on L and let G (r) 
be a smooth, real, everywhere positive function on L. Then, following mm we get a warped product 
G 2 -structure on given by 


‘P 

= Re{F^n) +G\F\^ dr Alo 

(3.5a) 

V' 

= ^\F\'^uj^+lm{F^n) AGdr 

(3.5b) 

97 

= G^dr^ + \F\^ge 

(3.5c) 

V0I7 

= G\Ffvo\eAdr 

(3.5d) 

We can write 


F = /ie*3 

(3.6) 

Then, the 57 and V0I7 from (13.51) 

can be rewritten as 


ip = 

^F^n + ^F^n + Gh'^dr A w 

(3.7a) 

V' = 

1,4 2 , iGF^- , 

- fl A dr -1-U A dr 

2 2 2 

(3.7b) 

57 = 

G^dr^ + h'^ge 

(3.7c) 

V0I7 = 

Gh^ vole A dr 

(3.7d) 


Using the expressions for the metric 57 and the volume form V0I7, we obtain that if a is a fc-form on 
then 


(3.8a) 
(3.8b) 

From these expression we obtain the following useful formulae. 


*7 a = (—l)^d® ^^Gdr A*ea 

*7 (dr A a) = *6 ct 


5 




Corollary 3.1 ([19]) Given the metric 57 and the volume form V0I7 as in ^3. 7c[ ) and (3.7df ), the Hodge 
duals of the SU {i)-equivariant differential forms on are: 


*7 UJ 
*7!! 

*7 (w^) 
*7 {Gdr A uj) 

*7 {Gdr A n) 
*7 {Gdr A 


2 

iGdr A 17 

2h~'^Gdr A w 

^1,2 2 
-h UJ 
2 
— 

2 h~^uj 


(3.9a) 

(3.9b) 

(3.9c) 

(3.9d) 

(3.9e) 

(3.9f) 


As noted in m, we can always redefine the r coordinate in order to set G = 1. However when looking 
at a flow of G 2 -structures, the function G (r) will be time-dependent and hence the reparametrization of 
r. Therefore, in a time-dependent picture it is convenient to keep G (r) unrestricted. 

Any 3-form y on that respects the symmetry of the manifold must be a linear combination of 
H and dr A uj. Therefore, in general, we can write such a 3-form as 

X = ]^AF^Vt+]^AF^n + Gh'^Bdr ^w (3.10) 

where A is a smooth complex-valued function on L and 5 is a smooth real-valued function on L. Hence, 
such 3-forms are uniquely defined by three real-valued functions on L: Re A, ImA and B. For a 3-form 
given by (13.101) . let us use the following notation 


Reiy 

= Re A 

(3.11a) 

Imi y 

= ImA 

(3.11b) 

Re 2 y 

= B 

(3.11c) 


Such a decomposition of y effectively gives a decomposition according to representations of SU (3) using 
the underlying SU (3)-structure, and in many cases it will be more convenient to use this decomposition 
rather than the decomposition according representations of G 2 that comes from the G 2 -structure (13.71) . 
However, both will play a role, and it will be necessary to convert between the two pictures. The G 2 - 
decomposition of y is given by laiisiiii]: 


y = XjV' + v(s) 


(3.12) 


where Ai is a vector field given by 

X^ = i*7(xA^) (3.13) 

and which defines the A^ component of y, and s is a symmetric 2-tensor. The trace part of s gives the 
Af component of y and the traceless part defines the A 27 component. The trace of h is given by 


Ti h = *7 {x A tp) (3.14) 

Proposition 3.2 Suppose y is an SU {3)-equivariant 3-form on Then using the notation in Ii3.11\) . 
the G 2 -decomposition of x is X = Xjtp + i^p (s) where 

X = (Imiy)G-i^ (3.15a) 

s = ( 3 Re 2 y — 2 Rei y) G^dr^-|-(Rei y) (3.15b) 

Trs = 3 Re 2 y-b 4 Rei y (3.15c) 

Also note that s with one raised index, denoted by s®, is given by 

= diag (Re 2 y - 2 Rei y, (Rei y) Sq) (3.16) 
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Proof. Let 


X = + Gh'^Bdr A w 


2 2 

First let us find Trs using (I3.14F We thus have 

XA?/' = Q^F^fl + + G/i^Fdr A A 

1,4 2 iGF^ ^ , iGF^ - , 

-h^LO^ -n A dr H-fl A dr 

2 2 2 

= An A dr- -iGAh^n An A dr + -Gh^Bdr A 

4 4 2 

= 2GAh^ volg Adr + 2GAh^ vole Adr + 3Gh^B vole Adr 

= (3F + 2(A + ^))vol 7 

where we have used the properties iu. Hence indeed, 


Trs = 3B + 2 {A + A) 

= 3Re2X + 4ReiX- 


Now work out X using (I3.13F Working out ‘P using (13.11) we get 

= 


-AF^n + -AF^n + Gh^Bdr A w ) A 


-F^Sl + 2 ^^^ ^ 


-Ah^n An + -Ah^n a n 

4 4 


Take the Hodge star: 


Thus, indeed. 


= (— 2 i (H — H)) h® vole 


*7 (x A (p) = (—2f (H — H)) Gdr 

= 4 (Im A) Gdr 


X = ^(*7(xA^))* 

= (ImH)G-i^ 
= (Imix)G“^-^ 


dr 


To find h, consider the projection of x onto Af © AI 7 : 

771 © 27 X = X - 

Thus, 

X^tP = (ImA)G"^ 

= if (Im A) F^H —-z (Im A) F^H 
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Therefore, 


7ri027X = X ~^ + *1™^) ^ ~ A w 

- Qi (Im A) F^n - (Im A) 

= i (Re A) F^n + i (Re A)F^n + Gh^Bdr A w 

Now assume without loss of generality that 777 % = 0, so that A = Re A. Also recall that [12] 

4 2 

Xbc(aV^d) ~ '^had + ^ {At h) g^d 

Comparing x and tp we see that the only non-zero contractions that involve Re A will be proportional to 
ge, while the only non-zero contractions that are proportional to dr^ only involve B. Moreover, since s is 
real, we can in general write 

s -I- - (Tr s) 57 = C 2 BG^dr^ + (ci Re A -|- c^B) h^ge 

for some constants ci, C 2 , C 3 . We know however that 

Trs = 3B-b4ReA (3A7) 


Hence, 


s 


C 2 BG^dr^ F (ci Re A -|- c^B) h^g^ 



R-2ReA 


G^dr^ + 


~ 2 -I- 4 Re A) 57 

( (ci - 2) Re A -I- ( C 3 



(3A8) 


However we also have 

Xabc ^[a^\d\bc] 

Note that the 11 and H terms in x are obtained from contraction of the ge term in s with the H and H 
terms in (p. Therefore, the factor in front of ge in s must be independent of B. Thus, C 3 = |. Using this, 
we take the trace of (I3A8L and obtain 


((c 2 - 0 H- 2ReA^ + 6 (ci - 2) Re A 


Tr s = 


= (^C2--jU + (6ci-14)ReA 

Comparing coefficients of B and Re A in (I3A7I) and (I3A9I) we conclude that 

Cl = 3 
9 

C2 = 7: 


(3A9) 


Therefore, indeed, 


s = (3H - 2 Re A) G^dF + (Re A) h^ge 


Now given the 3-formx (I3A0L work out dx and *dx- 










Proposition 3.3 Suppose x SU {3)-equivariant 3-form on M'^ given by iS.KA) . Then using the 

notation in the components of *dx are 

Rei (*(ix) = G~^ {hnA'-\-3h~^h'1mA-\-9'Tie A — 3\BGh~^ (3.20a) 

Imi (*(ix) = G~^ [—Tie A'— 3h~^h'Tie A-\-9'1mA — 3\BGh~^ cos 9'^ (3.20b) 

Re2 (*dx) = —4A/i“^ (sin0Re^ + cos01m A) (3.20c) 

where ' denotes differentiation with respect to r. 

Proof. Using the SU (3)-structure properties (13.21) . we have 

dx = ^[AF^y dr An+ ^{AF^y dr ATI+ ^AF^dn + ^AF^dn-BGh^dr A doj 

= i (^A'F^ + A [F^y + 3XBGh‘^'^ dr An + A [F^)' + ^XBGh"^^ dr ATI 
+Xi [AF^ - AF^) up- 

Taking the Hodge star, and using (13.9p we obtain 


*dx = - 


(^A'F^ + A (F^y + SXBGp'j n + ^iG-^ (^A'F^ + A (F^)' + ^XBGP^ fl 


+2Xih-^G [AF^ - AF^) drAoj 




+ 3XBGh-^F^ F^n 


Note that 


So, 


+ (^A' + le^ + 3XBGh-‘^F^'^ F^n 

+2Xih-^G [AF^ - AF^) drAuj 

[F^y F^ 


h^ 


= 3h-^h' + i9' 


*dx = 


Thus, 


{-iA' - 3iAh-^h' + A9' - 3iXBGh-^F^) F^n 

+ ^G-^ [iA' + 3iAh-^h' + A9' + SiXBGh-'^F^) F^n 

+2Xih-‘^G [AF^ - AF^) dr Aw 


Rei (*dx) = G“^ (imH'+ 3/i“^/i'lmH + 6*^ReH — 3Ai?G/i“^ sin0) 
Imi (*dx) = G“^ (—ReH'— 3/i“^/i'Re H + 0'ImH — 3Ai3G/i“^ cos 0) 

Re 2 (*dx) = —4Ah“'^ Im 

= —4A/i“^ (sin0ReH + cos0ImH). 


Similarly, we can work out d * x *d * x- 
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Proposition 3.4 Suppose x SU {3)-equivariant 3-form on given by \3.10\] . Then, 


and 


d*x = 


= -AF^Gdr Ail - -AF^Gdr A 
2 2 2 


1 h 2,h^ B \ 

H- — -h 2A (cos 0 Re A — sin01m A) ) Gh^dr A 

2 Ct Ct 




In particular, d* x ^ ^7 o.nd *d* x G 

Proof. To find *x we just apply (13.91) to y (13.101) : 


*X = * ( —AF^Tl + —AF^TL + GhfBdr A uj 

= ^AF^Gdr An- ^AF^Gdr A O + ^h'^Boj^ 


Then, to differentiate this, we use dMl): 


d{*x) = -l:AF^Gdr Adn + l-AF^Gdr Adn+\{h‘^B)' dr Auj^ F\h‘^B{duj^) 


= XAF^Gdr A + XAF^Gdr A i {K^B)' dr A 


X{AF^ + AF^) + 


2 G 


Gdr A Lu 


'l (h^B)' 


+ 2XRe (AF^) GdrAuj^ 


^ + 2A (cos 0 Re A — sin 0 Im A) ) Gh^dr A 


(3.21) 


(3.22) 


*d*x = 4/i ^ f + A (cos0Re A — sin01m A) ) I G (3.23) 

\4GG J \ or J 


2 G 

1 B'/i 2/i'B 

2 “^ “G 

Applying (13.91) again, and using the expression for (p (l3.7aL we get (13.231) . ■ 

To work out the torsion of the G 2 -structure {p, g) on we can use Propositions 13.31 and 13.41 in a 
very important special case when x = T- 

Corollary 3.5 In the notation of iS.lll) . the components of *dp are given by 

e' 


Rei {*dp) = — — 3Xh ^ sin0 

(jr 

Imi (*di^) = —3G~^h~^{h' + XGcos9) 

Re 2 (*ciiy9) = —4A/i“^sin0 


(3.24a) 

(3.24b) 

(3.24c) 


and 


*dip = Ah 


+ A cos 0 I I G 


dr 


jp 


(3.25) 


Proof. We set ReA = 1, ImA = 0 and B = 1 in Propositions 13.31 and 13.41 and thus obtain (13.241) and 

(IT^ . ■ 

Combining Proposition 13.21 and Corollarv l3.51 we obtain the torsion components of the G 2 -structure 
{t,9)■ 
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Theorem 3.6 The torsion components of the warped product G 2 -structure {^^g) on are given by 

1 / 6 ' 6 Asin 0 


Tl = 


T 7 = —h 


7 \G h 
h' 


-1 


G 


+ A cos 9 Gdr 


Ti4 = 0 


1 / 6 ' Asin 0 


' 27 


- 71g + 


diag ( 6 ,-^ 6 ) 


(3.26a) 

(3.26b) 

(3.26c) 

(3.26d) 


where denotes T 27 with one raised index. Correspondingly, the full torsion tensor T is given by 




Se j — h ^ ^ + A cos 6 ) Jg 


G 


(3.27) 


where Jq is the (almost) complex structure on M®. 


Remark 3.7 Expressions for torsion components of this warped product G 2 -structure have originally 
been derived by Cleyton and Ivanov in & and also later on by Karigiannis, McKay and Tsui in m- 
However here we give the T 27 component as a 2-tensor rather a H-form, and we also give the expression 
for the full torsion tensor. To the author’s knowledge these formulae have not appeared in the literature. 

Proof of Theorem 13.6L From Proposition 13.21 we know that if we write 

*dip = Xjij} + i^ (s) 

then, 

d 


X = (Imi {*dip)) G 


-1 


dr 


s = (3 Re 2 {*dLp) — 2 Rei {*d(p)) G^dr^ + Rei {*d(p) hfge 

Trs = 3 Re 2 (*d(/?) + 4Rei (*diy 9 ) 


Using Corollary 13.51 we thus obtain 
X = -3h-i 


+ A cos 9 I G 


.-i_^ 

dr 


—2 + 3A/i ^ sin0^ — 3Ah ^sm9^h^gQ 


Trs = 


4 I — — 6 Xh sin 9 


Recall that 

and hence 


dip = 4ri^ — 3r7 Ap — {^ 27 ) 

*dp = 4 :Tip + - 3i,p (T 27 ) 


3r“ = X 

4ti = y Tr s 

-3t 27 = s-y(Trs)g7 

11 


Now, 





Hence immediately obtain expressions for ti and T7. From this, we also get T 27 


T27 = -is + ^(Trs)57 

6 re' 


7 \G 

1 re' 

7 


= - 77 + Ah ^ sinh G^dr^ -Ty + Ah ^ sinh h'^g^ 


7 \ G 




Raising one index on T 27 we obtain (l3.26dF 
Recall that 

dip = —4t7 a '0 ~ 2 * ri4 

and hence 

*d'tp = —AT\_iip — 2ri4. 

However, from Proposition 13.41 we conclude that ttu {*dip) = 0, and thus T 14 = 0. 
To obtain the full torsion tensor, we just calculate 

T = Tig + Tr-iif + ti4 + T 27 


— (Ah ^ sin h) h^ t/e — h ^ + A cos w. 


Raising the first index using ^, we get (13.271) . ■ 

Example 3.8 Suppose M® is a Calabi-Yau manifold, then the torsion tensor is given by 


e' 


G 


= diag 77,0 - h M 77 de 


h' 


G 


The G 2 -structure is then torsion-free if and only if e' and h' both vanish. After redefining the r coordinate 
to set G = 1, the G 2 -structure is then given by 

(^ = Re (h^e*®n) + dr A {hfuf) . 

This is just a direct product G 2 -structure which is obtained from an SU (3)-structure which is obtained 
from the original one by a constant phase factor on H and an overall constant conformal factor h. 

Note that if M® is nearly Kahler, so that A ^ 0, then in order to have T = 0, we still need 9' = 0. 
Moreover, we also must have sind = 0. Thus, 9 = krr for some integer tt. This sets both ti and T 27 
components to zero. In order to have T^ = 0, we then also need G~^h' + Acosd = 0. Since 9 = kn, 
cosd = ±1. So, must have h' = ±AG. 

For convenience, let 


9' 

“ “ G 
/3 = Ah“^sind 

7 = ■^ + Ah“^Gcosd 

h 

. Then in terms of a, the non-vanishing torsion components are 

Ti = y (a - 6/3) 

Tr = —jdr 

^7 = i (a-f/3) diag (6,-dg) 


(3.28a) 

(3.28b) 

(3.28c) 

(3.29a) 

(3.29b) 

(3.29c) 
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, and the full torsion tensor is then 

= diag (a, -I35q) - (3.30) 

The components a,j3,^ thus uniquely define the torsion components ti,T 7 and Also note that 
in the important special case of a co-closed G 2 -structure, 7 = 0. In the case when A = 0 and hence the 
underlying 6 -dimensional space is Calabi-Yau, we have /3 = 0. 

Consider what happens to torsion components under a conformal transformation. 

Proposition 3.9 Under a conformal transformation of the G 2 -structure |Y7a[ ) 

if —>[p = f(p, (3.31) 

where f is a nowhere zero function on L, the torsion components a, /3 ,7 transform as follows 

a = f-^a (3.32a) 

^ = /-'/3 (3.32b) 

7=y+7 (3.32c) 



Proof. It is well-known [nun] that under the conformal transformation (|3.3ip . the metric gj transforms 
as 

57 —= fg 

Note that from (liTfll this implies that 9 is unaffected by the transformation, while 


G ^ G = /G (3.33a) 

h —> h = fh (3.33b) 


Thus, from (13.281) we immediately obtain 


a = 

t = f-^a 

G 


p = 

Xh~^ sinO = f~^l3 


7 = 

^ + Xh~^G COS 9 
h 


= 

f'h + fh' , , 

fh 

/ ^ 


Proposition 13.91 implies that using a suitable conformal transformation, we can always set 7 , and 
hence, T 7 , to zero. 


Corollary 3.10 In liS.Sl]) . let 

f [r) = e-^ 0 -iU)ds^ (3 34 ) 

Then the transformed G 2 -structure ip has 7 = 0 and hence the 7-dimensional torsion component tj also 
vanishes. 


Remark 3.11 In general, we can always remove the 7-dimensional component of the torsion by a con¬ 
formal transformation if the torsion is in the class 1 © 7 [Kg/. G 2 -structures in this torsion class are 
then called conformally nearly parallel G 2 -structures. Corollarv \3.10\ shows that the warped G 2 -structures 
lie in a special subset of G 2 -structures of the class 1©7©27 - namely, they are conformally co-closed 
G 2 -structures, since every such G 2 -structure is conformally equivalent to a co-closed G 2 -structure. 
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We can use this to show that a, /3 ,7 actually uniquely determine the G' 2 -structure. 


Theorem 3.12 Suppose a, (3,^, with a and /3 non-zero, and a + /3 nowhere zero, are torsion components 
of some G 2 -structure on with A 7 ^ 0. Then the functions 9, h, G are uniquely defined. 

Proof. Suppose we are given a, (3,^. We need to show that there exists a unique solution {9,h,G} to 
equations (I3.28|l . By Corollary 13.101 we can apply a conformal transformation with / given by (|3.34ll to 
set the 7-dimensional torsion component to zero. Equations (13.2811 can then be solved for 6 , h, G using 
a, (3 and 7 = 0 .The original G and h can be recovered using (13.331) . Hence without loss of generality can 
assume that 7 = 0 . Therefore, we have equations 


a = ^ 


P 

h' 


o' 

G 

Xh~^ sin 0 
—AG cos 9 


Consider 


P' = -Xh-^h'sm9 + Xh-^9'cos9 

h’ h' 




Hence, 


^ __ 

h a 

From this, we get /i up to a constant factor /iq 7 ^ 0: 


P' 


. . _ r j^Xb) 

h = hoe <»(«)+^(s) 


ds 


Furthermore, 

Hence, 

Therefore, 

We also have 


A sin 0 = hp 

Acos0 = —G~^h' 


X^ = h^p^ + G -2 [h') 


G^ = 


{h'Y 


X^ - K^p" 


cot 9 = -G-^p- 


= G 


-1 / 


h 

1 


P Oi -\- P 


where we have used (13.361) . Thus, 


(cot 0 ) 0 ' = 


G-^9'^ 


1 


P a-^ P 


P' 


a 


P a-\- P 


(3.35) 

(3.36) 

(3.37) 
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Integrating, we obtain 


(3.38) 


sin0 = soe-^° /3(«) a{s)+/3(<i) 


/3'(a) 




ds 


for some constant sg- Using both (13.371) and (I3.38|) note that 


/3 = 


Asin0 




^'(o) 

-JW' 


C(3) , 


rr 

oJQ 


y(s)+$(s)'^ 


\ fr 

A—e-'c 

Hq 

A^ 


0 


/3(0) 


Note that from (13.371) h is never zero, so is always either positive or negative. Similarly, from p.38l) . sin0 
is either always zero (if sg = 0) or always negative or always positive. This shows that for consistency (3 


is also either always zero, or always positive or always negative. Therefore, 


P{r) 

W) 


— Thus 

- JWj- ’ 


So 


^( 0 ) 

-^ho 


From the definition of a, we can also write 

9 = [ a{s)G{s)ds + 9o (3.39) 

Jo 

Since sinflg = sg, substituting (13.391) into (13.381) will fix sg. ■ 

Remark 3.13 If j3 is zero (hut X ^ 0), then 6 must be a constant integer multiple of n, and hence a 
must also be zero. In this case, G is arbitrary, and h is defined from G up to a constant multiple. If 
a = 0 but (3^0, then we can see that 9 is an arbitrary constant, but h and G are defined as 

Xsm9 

~T~ 

h' 

Acos0 

whenever cos 9 ^ 0. If however, cos 9 — 0, then G is arbitrary. Also, suppose a + (3 = 0, and 7 = 0. Then 
we have 


h = 
G = 


Now, h ^ 


G-^e' 

X sin 6 


. Hence, 


Integrating, we find 


9' 

— = — A/i“^sin0 

Cr 

h' = —XGcos9 


h' cos 0 ^, 
h sin 9 


h = A sin 9 


for some constant A. But, h = — ^sin0, so we must have a = — ^, which is a constant. Thus j3 is also 
constant. We then find that G is an arbitrary function, and 9 and h are given by 


9' = olG 

h = — — sin 9 
a 
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4 The Laplacian of ip 

Consider the Hodge Laplacian of ^p: 

A(/3 = dd* ip + d* dip 

= —d * dtjj + *d * dp 

Since we know from Theorem 13.61 that th = 0 and T'j = —"fdr, we have 

.-2d 


and moreover, 


* dp = 47 ( G “ — J 




*dp = —AF^id + —AF^ri + Gh^Bdr A u) 

where 

Re H = a —‘ip 
ImH = —3G“^7 

B = -4/3 

Using this we can work out /S.p. 

Theorem 4.1 In the notation of SS.11\) . the components of Ap are given by 


Rei {Ap) = 37G 


-2 f 7' , 7 (4/3 - 3a) + 7/3' 1 2 


a + P 


+ — ip {a — 4/3) 


Im2 {Ap) = G ^ (6/3' — a') — 67G 


-1, 


Re2 (A(/j) = —4/3 {a — 3/3) + 47G 


-2 f Y 7 (3/3 - 2a) + 5/3' 
7 a + p 


(4.1) 

(4.2) 


(4.3a) 

(4.3b) 

(4.3c) 


Proof. Using the expression (|4.1I1 for *dp together with the expression (j3.2bp for dui, we have 
d*dp = A{h^G-^-fy dr Auj + Ah^G-^jduj 

= -6Xh^G-^j{n + n)+4{h^G-^-fy dr Auj 

= i (-12 A/i"^G"SY^) ^ (-12A/i"^G"S-F^) F^^ 

+4 (c-^h-^ (h^G-Y)') Gh^dr A u 
= i (-12Ah-'‘7G'”^F^) F^n + i {-UXh-‘^-fG-^F^) F^n 


Hence, 



7 + G-^y - G-- 

Rei {d * dp) 

= -12Xh-^G 


= -12G-Y 

Imi {d * dp) 

= 12Ah-iG-^ 


= 12/3G"Y 

Re2 {d * dp) 

= 4G-^('2^ 


h' 

h 


ti 7 


cy 

G 
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Similarly, using the expression (14.21) for *dip together with Proposition 13.31 we can work out *d * ip: 


Rei {*d * dp) 


Imi {*d * dp) 


Re2 {*d * dp) 


G ^(lm^' + 3/i + 0^Re A — 3Ai?G'/i ^sin0) 

-3G-1 (G“^ 7 )' - + a^- + l2Xph-^ sin6» 

-30-^7' + 3G-^G'j - - 3a/3 + 12/3^ 

h 

fl' ,o^'V 2 o 19/32 

+ -3a/3 + 12^ 

G“^ (-ReA' - 3h"^/i'ReA + 6i'lmA- 3ARG/i"^cos6») 
a/,' 

-G-^a' + 3G-i,9' - — {a-3/3)- 3aG-'^-f + 12X/3h-^ cos 9 

(jfll 

-G-^a' + 3G-i,a' - ^ ® - 3aG-i7 + 12^G-i7 - 12/3^ 

Gh Gh Gh 

-G-^a' + 3G-i,a' _ ^ ^ _ 3aG-i7 + 12^G-i7 

Gil Ghj 

3h' 

-G-i {a' - 3/3') - — (a + /3) - 3 G-I 7 (« - 4/3) 

—4Ah“^ (sin 0 Re A + cos 9 Im A) 

—4A/i“^ (sin 9 {a — 3/3) — 3G“^7 cos 9) 

-4^(a-3/3) + 12G-27 ( 7 -^) 

-4/3(a-3/3) + 12G-^ ( 7 -^) 


Note that similarly to (I3.36|l . we can express ^ in terms of a,/3,7. For this, consider /3': 


P' = - 


h'Xs\n9 9'Xcos9 
+ 


h h h 

h' AG cos 0 
-—/3 + a-r- 


h 

h' a , 

= --rP + a 7 — 


h' 


h 


- (a + /3) — + ay 

ay — P' 
a + P 


From this. 


and 


G-i^(a + ^) = G-i(a7-/3') 

_ ^ ^ p-i + p' 

^ h a + P 


(4.4) 
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Hence, we get 


and 


Rei {*d * dp) = 

-3G-Y 

Imi {*d * dp) = 

-G-i (a' - 

= 

0 

1 

1 

Re2 {*d * dp) = 

-4/3 (a-3 


7 ' ^ ^ 07 — /3' 

1 


a + /3 


+ - 3a/3 + 12^^ 


Rei(d*di/') = —12G 7 
Imi(d*di/') = 12/3G“^7 


/ /37 + /3' 
V a + j5 


-2.Y/37 + /3' 


\ a + /3 

a7 — 13' 


Re2 [d * dip) = 47 G ^ ( — + 2 

\ 7 a + /? 

Combining, we finally obtain the expressions (14.31) for the components of the Laplacian. 

By setting /3 = 0 we obtain the Laplacian in the Calabi-Yau case. 

Corollary 4.2 Suppose A = 0, so that is Calabi-Yau. The components of the Laplacian of ip are 
then given by: 


Rei (A(/3) 
Im 2 (A(/3) 
Re2 {Aip) 


-aG-^ ( 

- 47 G -2 


^+37 

7 


a 

a 

t 

7 


67 
f 27 


(4.5) 

(4.6) 

(4.7) 


where a = G ^9' and 7 = h ^h'. 

In the case when the G 2 -structure is co-closed, we get the components of the Laplacian by setting 
7 = 0. 


Corollary 4.3 Suppose the G 2 -structure p is co-closed, so that 7 = 0 . 
Laplacian of p are given by 


Rei (A(^) = - 3/3a + 12/3^ 

Im 2 (A(^) = G~^ (6/3' — a') 
Re 2 (A(/?) = —4/3 (a — 3/3) 


Moreover, if M® is Calabi- Yau, then 

Rei (A(/j) 
Im2 (A(/j) 
Re 2 (A(/j) 


-G-^a' 

0 


Then the components of the 

(4.8a) 

(4.8b) 

(4.8c) 

(4.9a) 

(4.9b) 

(4.9c) 


Remark 4.4 Expressions for the Laplacian of a warped product G 2 -structure have been first computed 
by Karigiannis, McKay and Tsui in m The expressions in m were given for both the Calabi- Yau and 
nearly Kdhler cases, but only when the co-closed condition was imposed. 


It is a well-known consequence of Hodge’s Theorem that on a compact manifold a harmonic form is 
both closed and co-closed. For non-compact manifolds this may not be true in general. However from 
Corollary 14.31 it is easy to see that if p is co-closed and harmonic, then a = /3 = 0, and hence it is 
torsion-free, and thus also closed. 
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5 Flows of warped G 2 -structures 

Suppose now (f{t) is a family of G 2 -structures on M'^ defined for t S [0,r), such that for every t, (p{t) 
is of the form (I3.7ap . In particular, we will assume that the underlying SU (3) structure is constant and 
only the parameters G, h, 9 of the warped product depend on t. Since we will be interested in flows of 
the dual form ip, we need to know how the evolution of ip (t), as well as the evolution of the quantities 
a, /3, 7 , is related to the time evolution of G, h, 9. 


Lemma 5.1 Suppose G{t),h(t) and 9 (t) define a time-dependent family of G 2 -structures ip(t) via 
1^3. ya[i. Then, for ip (t) = *tT '^6 have 


R*. (. 4 ^’) 

Im. (.4'>) 

(.4'>) 

where the dot denotes time derivative. Also, 


G-^G + ih-^h 

9 

Ah-^h 


a 

P 

7 



G 

-"g 

( Pl + P' \ 

V a + /3 J 



( Pl + P' \ 

1 a + P J 


9GP 


(5.1a) 

(5.1b) 

(5.1c) 


(5.2a) 

(5.2b) 

(5.2c) 


Proof. Consider ip : 


d fl 


dV 


iGF^ 


Tl A dr ■ 


iGF^ 


fl A dr 


dt \2 

2h^huj'^ - (GF^) nAdr+~ (GF^) ^ A dr 


2 dt 


= 2h'^huj'^ - ^ ( G + h-^GF^^F-^ ) F'^fl Adr + -[G + h-'^GF^^F^ 1 F-^ft A dr 




dt 


^- 6 / 


d 


dt 


Then applying the Hodge star: 

* 4-4 = 4 (h-^h) Gh^dr Auj + -(G-^G + h-^F^^FA F^fl + - (G-^G + h-^F^^pA F^fl 

dr \ J 2V dt ) 2V dt ) 

From this we read off the components Rei ip, Imi ip and Re 2 ip as in m- 
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To compute the time derivatives of a,/ 3 , 7 , we just differentiate the expressions (13.281) : 


a 


7 


m 




X6cos6 XhsinO 
h *2 



(^) _ ^ AGcos 6 > 

h /i 2 /i 

A/iG cos 9 X6G sin 9 


h 



9GI3 


and apply the expression (14.41) for 7 — ^ to get (15.21) . ■ 


5.1 Modified Laplacian coflow 

We will now consider the modified Laplacian coflow of co-closed G 2 -stuctures. Let us now assume that 
di/j = 0 and thus 7 = 0 . We will write the modified coflow as 

^ = A^i; + kd{{C-TYT)^) (5.3) 

In particular, this flow preserves the condition d'lp = 0 and hence 7 = 0 . In ([T^), this flow was considered 
only for k = 2. This constant was chosen in order for the linearization of (15.31) to be the standard Laplacian 
plus a Lie derivative term. However, it can be seen from the calculations in l[13jl that in fact for any 
A: > 1 the equation (15.31) will be weakly parabolic in the direction of closed forms and hence the same 
reasoning can be using to show short-time existence and uniqueness for the flow (|5.3I) with fc > 1 . Also 
note that the case k = 0 corresponds to a standard Laplacian flow. 

Theorem 5.2 Suppose we have a eo-closed G 2 -structure on , which is given by Then the flow 

i5.3\) is equivalent to the following evolution equations for warped product parameters G, h, 9: 

^ + + k{G -TT:T)a 

Lj 

= {1 — k)o? -\- 3/3^ -I- Qkajd + kGa 

9 = (fc-1)G-^ (TrT)' 

= (fc-l)G-i (a-6/3)' 

^ = -p(a-m-k(G-TrT)l3 
h 

= 3 (1 - 2fc) (fc - 1) a/3 - fcG^ 

where a and /3 are given by i3.28\) . Moreover, the evolution of a, (3,^ is given by 

a = (fc-l)G-2 J^-^(TrT)'-h(TrT)"^ -h(fc-l)a3-6fc/3a^-3/3^a-fcGa2 

/3 = (fc-l)G-^(Trr)'^-h(l-fc)^^a-k3(2fc-l)/33-hfcG/3^ 

\a + l3) 


(5.4a) 

(5.4b) 

(5.4c) 

(5.5a) 

(5.5b) 
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where TrT = a — 6/3. 


Proof. We already know the components of Ai/; = *Aip and ^ from Corollary 14.31 and Lemma 15.11 
respectively. So we just need decompose the additional part kd ((C — TrT) (p) into Rei, Imi and Re 2 
components. Consider 

d((C-TrT) ip) 


Thus, 


Rei((C-TrT) p) 
lm^{{C-TrT)p) 
Re 2 ((C-TrT) p) 


{C -TrT) 
0 

{C-TrT) 


Hence, using Proposition 13.31 with ReH = C — TrT, ImA = 0 and B = C — TrT, we get 


Rei {*d{{C-TrT) p)) 


Imi {*d ((C — Tr T) p)) 


Re2 {*d{{C -TrT) p)) 


G ^{irrrA' + ih ^h'IrrrA + O'Re A —'iXBGh ^sin0) 
{G-TrT)G-^ (6»'-3AG/i“^sin6») 

{G-TrT) {a-3f5) 

G~^ (— ReH' — 3h~^h' Re A + ImH — 3\BGh~^ cosO) 

/ h' 

G-i (Tr T)' - 3 (G - Tr T) ( G-i — - A/i”^ cos 0 

G-i (TrT)' - 3 (G- TrT )7 
G-i (TrT)' 

—4A/i“^ (sin 9ReA + cos 9 Im A) 

-4(G-TrT)/3 


where we have also used the fact that 7 = 0. Now also using Corollary 14.31 we can write 


Rei {Ap T k * d ((G — TrT) p)) 
Imi {Ap + k * d ((G — TrT) p)) 

Re2 {Ap + k * d ((G — TrT) p)) 


- 3/3a + 12/3^ + fc (G - TrT) (a - 3/3) 
G-i {613' - a') + kG-^ {TrT)' 
{k-l)G-^ (TrT)' 

-4/3 (a - 3^) - 4fc (G-TrT)^ 


Therefore, from Lemma Ol the flow (15.31) is equivalent to 


G-^G + 3h-^h 
9 

ih-^h 


- 3f3a + 12/3^ + k{C- TrT) {a - 3/3) 
{k-l)G-^ (TrT)' 

-4/3 {a - 3/3) - 4fc (G - Tr T) /3 


(5.6a) 

(5.6b) 

(5.6c) 

(5.6d) 


(5.7a) 

(5.7b) 

(5.7c) 
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This immediately gives the expressions (EH)- To get the expressions (ESI for a and /3, we just substitute 
the expressions for G,h and 6 into (15.21) with 7 = 0: 


a 


P 



- (fc - 1) G-^G' (Tr T)' + (fc - 1) G-2 (Tr T)" - - 3ap^ - A: (G - Tr T) 

{k - 1) G-2 (TrT)' + (TrT)" j +{k-l)a^- QkPa^ - 3/3^a - fcGa^ 



(fc - 1) G-2 (Tr T)' +P^ (a- 3/3) + fc (G - Tr T) /3^ 

(fc - 1) G-2 (Tr T)' + (1 - ^) + 3 (2fc - 1) /3^ + fcG/3^ 


Remark 5.3 Let us compare for fc = 0 and fc = 2. Tor fc = 0, we fcare 

§ = ^2 + 3/32 

e = -G-^{a-6py 
^ = 3 / 3 ^ - 0/3 

Tor k = 2, we have we have 

^ + 3/3^ + 12a/3 + 2Ga 

Ct 

0 = G-1 (a - 6/3)' 

^ = -9/32 a/3 - 2G/3 

h 


(5.8a) 

(5.8b) 

(5.8c) 


(5.9a) 

(5.9b) 

(5.9c) 


/Vote that a = G so the leading order terms for k = 2 in i5.9\) actually enter with the opposite sign 
compared to the fc = 0 case in il<5.<3l) . However, fc = 0 corresponds to the Laplacian coflow ^ = Aip, 
so the “reverse” Laplacian coflow ^ = —Aif (which is what was actually considered by Karigiannis, 
McKay and Tsui in m) would have the same signs on the leading order terms as our modified coflow 
h5.3\) with fc = 2. Why this happens is clarified if we consider the decomposition of A(p according to 
G 2 -representations. 

Lemma 5.4 Lf ip is co-closed warped G 2 -structure given by J//. 7| ), then we can write A(p = Xjijj + i^ (s) 
with 

X = G-2 (6/3' - a') 4- (5.10a) 

s = —2a (a + 3/3) G^dr^ + (a^ — 3/3a + 12/3^)(5.10b) 

Proof. Proposition 13.21 we know that if we write 

A(p = Xjif + i^ (s) 
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then. 


X = (ImiA(p)G-i|- (5.11) 

s = (3 Re 2 A(p — 2 Rei A(p) G^dr^ + (Rei A(p) h^ge (5-12) 

From (I4.8p we have 

Rei (A(p) = - 3/3a + 12/3^ 

Imi (A(/j) = G~^ (6/3' — a') 

Re 2 (A(p) = -4/3 (a - 3/3) 

Hence, 

X = C-“ ( 6 ;?'- a') 

s = —2a (a + 3/3) G^dr^ + (a^ — 3/3a + 12/3^) h^gg. 


Lemma 15.41 shows that the only second-order derivative terms (given by a') of the basic variables 
G, h, 9 occur in tt-jAlp. The 1 0 27 part of Aip, and hence of A^ = *Aip, only involves first derivatives. 
In general, as it was shown in m, for co-closed G 2 -structures, 7ri027A^/^ has a positive definite symbol, 
while TTyA'f/i is negative definite. In the warped product case, since only TryAi/; has leading order terms, 
—Atjj has the correct sign, and this was the reason why the flow ^ = —A't/’ was used in |19j . In a general 
setting however, both Atjj and —Aip would have indefinite symbols. 

The evolution equations (15.911 are in general difficult to analyze. However we can make some progress 
in special cases. In particular suppose A = 0, so that the underlying 6-dimensional space is Calabi-Yau. 
Then, (3 = 6. Also suppose that G = 0. Then, (15.91) simplifies to the following system: 

G = -Ga^ (5.13a) 

9 = G-^a' (5.13b) 

9' = Ga (5.13c) 

We can attempt to find separable solutions here. So let. 


G(t,r) 

9{t,r) 

a{t,r) 


Gt (t) G, (r) 

9t (t) Or (r) 
G Gt Gr 


We’ll let ar (r) = ^ and at (t) 


= The equations (15.131) then become 


Gt 

a(Gt 

gA 

at 


-al = -Ai 

G^OAa'r = A2 


where Ai > 0 and A 2 are constants. Hence we find that 


a 


2 

r 



GtGt 

-o— — — 

Of), = \2Gr9r 

Gt'Ot = A2at 
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However, note that = Ai is constant, so a'^ = 0. Hence either A 2 = 0 or 0^ = 0 (trivial solution). 
Thus, let A 2 = 0. In this case, we find that 9t is constant and 

G? = 1 - 2Ai0?t 


where without loss of generality we set Gt (0) = 1. When Ai = 0 or 0t = 0 we get a trivial solution, 
otherwise Ai has to be positive. In this case, we see that the solution only exists for t G [0,T) where 


Note that whenever the solution exists, from (13.301) we know that the torsion of the G 2 -structure is 
proportional to a, which is given by 


a (t, r) = atOir = 


Af 0 


1 c't 


1 - 2Ai0tt 


Hence, the torsion increases monotonically until it blows up at t = T. 


6 Soliton solutions 


Soliton solutions of geometric flows are solutions which evolve by diffeomorphisms and scalings. Therefore, 
a smooth family ijj (t) of G 2 -structure 4-forms would be a soliton if 


jt) 

dt 


= £xi^ + 


for some vector field X and a constant /r (the factor of 4 is for later convenience). If moreover we impose 
the condition that ijj (t) is a family of co-closed G 2 -structures, with dip (t) = 0 for all t, then we would 
have 

dip it) 


dt 


= d iX_np) + AfMp 


( 6 . 1 ) 


In the case of a warped product G 2 -structure, any vector X that respects the symmetry of the space 
would have to be proportional to ^ and only have dependence on the coordinate r. In particular, we 
could write 

X = /(r)G-i|- (6.2) 

for some function I (r) on L. 

Lemma 6.1 Under the flow (E2P; the warped product parameters G, h, 0 satisfy the following evolution 
equation 


G-^G = 

G-^l' + H 

(6.3a) 

9 = 

al 

(6.3b) 

h~^h = 

G-^P'l 

1 ^ 

(6.3c) 


Moreover the quantities a,/3,7 satisfy the following equations 
d = G~^a'l — apL 


G-^lp' - Ppl 


1 = 


g-H 


P' 


a + P 


P' 


a + P 


G' 


- G^aP + — 


P' 


G \ a -|-, 


(6.4a) 

(6.4b) 

(6.4c) 
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Proof. We will consider the components Rei, Imi and Re 2 of the right-hand side of (lO) . First consider 
d {l (r) We have 

= lG-^^J\hW-"-^n^dr+"-^n^dr 


dr~ 


dr \2 


So, 


Rei ( IG-^^Ail) 
or 

Imi ( lG~^-^jtp 


d 


Re2 ( ;G-^—jV’1 = 


Thus, from Proposition [231 we obtain 


Rei ( *d( 


= G"^ {imA' + Sh-^h'lm A+ e'Re A-3XBGh-^sin0) 


= G-^ir + 3^1 




d -\- j3 


Re 2 ( *d( 


Imi (*d(zG-^ —_iV’) ) = G-^ {-Re A'-3h-^h'Re A+ 9'luY A-3\BGh-^ cose) 


Now if, 


then, 


G-^e'i 

al 

—4:Xh~^ (sin 0 Re A -|- cos 9 Im A) 

—AXh~^l cos 9 
AG-^p'l 
a, F jd 


G-^G + 3h-^h = G"MZ'- 


-1 (v W'l 


Ah-^h = - 


aF P 


4/i 


= al 


AG-^P'l 
aF jd 


4/i 
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From this we obtain (|6.3I) . To find the evolution of a,/ 3,7 we just substitute (16.31) into the expressions 
(15.2|) and set 7 = 0: 




G 


G G 

G-^ {aiy - G-^al' - afi 
G~^a'l — 


7 = r 


cx (3 J Q 

G-^ip' - I3fi 
/ . \ / / . . \ 

I h 

h 

-iR'i 




G-^f3'l\ , /„ , p'l \f p’ 


a + P 


+ G-^ V + 


a + PJ \a + P 


-Gapl 


= g-H 


P' 


Oi + P J \a + P 


P' \ r.2 o , G' ( P' 


- G^aP + 


G \a + P 


Now suppose we want soliton solutions of the modified Laplacian coflow (|5.3I) . Then at every time t 
we require 

+ kd{{G -TiT) if) = d (^G-^-^ai!^ + d/iV' (6.5) 

This is now a time-independent equation, so we can redefine the coordinate r on L such that G = 1. 
Then by equating (16.31) with (15.4p we get the following equations for h, 9,1 and 


Proposition 6.2 The soliton solutions of the modified Laplacian coflow 115. S\) satisfy the following equa¬ 
tions 


(1 — fc) + 3/3^ -I- 6kaP kGa 
[k — 1) (a — QP)' 

3(1- 2k) P^ + {k- 1) aP - kCP 


I'+ p 
al 


P'l 

a-\- P 


+ T 


( 6 . 6 a) 

( 6 . 6 b) 

( 6 . 6 c) 


where a = 9' and P = 


Note that equivalently, we could have equated the equations for d, P and 7 . The result would be an 
equivalent set of equations, however 7 = 0 equation gives us 


a-\- P 


a-\- P 


— ap = 0 


(6.7) 


Even though this can still be obtained from (16.61) . this explicitly gives us the co-closed condition (in the 
nearly Kahler case, when A 7 ^ 0). 
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6.1 Calabi-Yau case 


If is a Calabi-Yau space, then A = 0, so /3 = 0. From (I 6 . 6 cl) this immediately gives = 0. Also, 
note that since we are imposing the condition for the G' 2 -structure to be co-closed, we have 7 = 0 . Since 
A = 0, this then gives h' = 0. Hence, without loss of generality we can assume that h = \. Since both G 
and h are equal to 1, the metric on L x is just the product metric, and the G 2 -structure 3-form (p is 
given by 

ip = -I- + dr /\u} 

where 0 is a function of r. The torsion tensor is then given by 

T = diag (a, 0,..., 0). 

The torsion tensor of the G 2 -structure The other equations also simplify. Thus we have the following 
special case of (EH). 

Corollary 6.3 Suppose A = 0, so that the underlying 6-manifold is Calabi-Yau. Then, the soliton 
solutions of the modified Laplacian coflow with k = 2 satisfy 

I' = -a^ + 2Ca ( 6 . 8 a) 

a' = al ( 6 . 8 b) 

p, = 0 ( 6 . 8 c) 


Define the quantity R via 

R^ = l^ + (a- 2Cf (6.9) 

It follows immediately from (16.81) that R' = 0. Therefore, i? is a first integral for the system (1^ . Recall 
that the torsion of the the warped product G 2 -structure is proportional to a in this case. The expression 
(16.911 shows that the only way we can have a torsion-free solution (i.e. a = 0) is if I is constant. Also, if 
i? = 0, we get constant solutions I = 0 and a = 2C. So suppose R is non-zero. This enables us to solve 
the equations (16.8|) . Indeed, from (I6.8bl) we get 


r = ± 


da 

a^J- {a - 2Cf 


( 6 . 10 ) 


After integrating (16.101) , we will obtain a (r) and we will then use it to find 


and 9 : 


I 

6 


a 

a 


! (r) dr 


( 6 . 11 a) 

( 6 . 11 b) 


Since Calabi-Yau 3-form H is only defined up to a constant phase factor, we will neglect the constant of 
integration when computing 9, since we can always redefine 0 by a translation. The actual solutions that 
we obtain will depend on the sign of the quantity Rf — 4G^. We summarize the findings in Theorem and 
after the statement we will individually consider the three different cases: R? — 4G^ = 0, R? — 4G^ > 0 
and _ 4(72 ^ q. 

Theorem 6.4 Let M'^ = Lx M® where L is a 1-dimensional space diffeomorphic to K. and M® a Calabi- 
Yau 3-fold. The given the soliton equation for the modified Laplacian coflow 

A^iP + 2diiC -TrT)p) = d(lG-^-^^fi] + Apf 
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together with initial eonditions 


a (ro) = ao 
I (ro) = 0 

00 (ro) = Oo 


for some rg G K are: 

and 

1. Ifao=^C, 


where r = r — rg. 

2. Ifao=2C±R for |i?| > 2(7, 



( 6 . 12 ) 


(6.13) 


a - .fg 

I — 8C^f 
'■ ~ 4C‘^f^ + l 

0 = 2 arctan (2Cr) + 6*g 


“ (e-^Ofl=F2C')^+Q2 

fl=Q(e-2"Q-l) 

— (e-i‘QiJ:F2C)2+Q2 

6* = 2 arctan (2(7 =F e~^^R)^ + 0g 


(6.14) 


(6.15) 


w/iere f = r — rg and = R^ — 4(7^. ^Zso, 0g = 0g — 2 arctan • 


5. Ifao = 2C±R for |i?| < 2(7, 


a = 


Q" 


2C4-i? cos fQ 

7 _ Qi? sin(fQ) 

2C+i? cos(fQ) 


9 = 2 arctan ^ tan {^rQ)^ + 0g 


(6.16) 


where r = r — ro for ag = 2(7 — R and r = r — rg + ^ for ag = 2(7 + i?, and = 4(7^ — R^. 

If L = , with r € [0,27r), then non-trivial global solutions exist if and only if ag = 2(7 ± R for 

|i?| < 2(7 sueh that 

q 2 = 4(^2 _ ^2 ^ 2n 

and are then \6.13\) together with 116.16\) . Moreover, ifC = 0, then there exists a trivial solution a = I = 0 
and 9 = 00 for some constant 0g. 

6.1.1 i?2-4(72=0 

If i?2 — 4(7^ = 0, then the solution for a is 


4(7 


4C2r2 + 1 


(6.17) 


Note that since we can always apply a translation on L to obtain a shifted coordinate r, we have neglected 
the constant of integration in (16.1011 . From (16.1111 we then immediately obtain the solutions for I and 0: 


(6.18a) 

(6.18b) 


^ 4 ( 72^2 + 1 

0 = 2 arctan (2(7r) 


28 




















I 



Figure 1: Phase diagram for the case = 0. When r —> —oo, a, I —^ 0 and 9 —>■ —tt. When 

r —> + 00 , a, I —> 0 and 9 —> +7r. 


Note that when (7 = 0 this gives a trivial solution 1 = 9 = 0. Figure [T] shows a phase diagram for this 
solution in the a — I space 

particular, from the conserved quantity (16.91) . we see that this is the solution that we obtain to the 
system (16.8|) together with the initial conditions 

{ “'“(o7=‘o ■ «*■“> 

If L is non-compact, then this solution is defined globally. On the other hand, if L = S^, then this 
solution is not globally defined, and exists only locally. 


6.1.2 R^-AC^>0 

If i?2 - 4(72 + 0, then define the quantity Q via 

Q2=J12_ 4C>2_ (g 20) 


Then from (jB.lOL we obtain a solution 


AApQ^e-^Q 
{Ape-^Q - ACf + 4g2 


( 6 . 21 ) 


where Ap is a constant that depends on initial conditions. Note that an equivalent solution is obtained 
by taking r —> —r. From (j6.2ip we easily obtain solutions for I and 9: 


I 

9 


Q - 4i?2) 

(yloe-’-'^ - ACf + 4Q2 


2 arctan 



{AC - Ape-^Q)'^ 


(6.22a) 

(6.22b) 


29 










Figure[l]shows for this solution in the a —I space. Similarly as in the case for — = 0, these solutions 

are only defined globally for non-compact L. Taking Aq = ±2R, and translating the r coordinate, the 
solutions (16.221) are hence solutions of (|6.8I) with the initial conditions 


J a (ro) =2C±R 

{ I {ro) = 0 


(6.23) 


for some ro G K and \R\ > 2\C\. 


i 



Figure 2: Phase diagram for the case Q"^ = R? — 4C^ > 0. The sign of a in the solution depends on the 
sign of the constant ^o- When r —>■ —oo, a —s> 0 and I —s> Q. When r —>• -|-oo, a —>■ 0 and I —>■ —Q. 


In the case when C = 0, then R= Q, so setting b = —Q and c = — ^ we obtain 

1 — 

l + cV'’'- 

9 = 2 arctan (ce^’") 

This is precisely the solution that was obtained by Karigiannis, McKay and Tsui in m for the negative 
Laplacian flow soliton in this setting. 

6.1.3 i?2-4C2<0 

Now suppose R^ — 4C^ is negative. Then we let 

Q 2 = 4(^2 _ ^2 
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The solution for a is then 


a = 


4Q2Ao 


8(7^0 — {4,R? + Aq) cos rQ — i {AR^ — A^) sin rQ 


Since we need a to be real, we have to have Aq = ±4i?^. Hence, we get the following possible solutions 


if Al = +AR^ 


2C:LRcosrQ 

^ if Al = -4i?2 

2C±Rs\nrQ U 


(6.24) 


Note that these solutions are equivalent under diffeomorphisms of L - so by redehning r we can move 
from one solution to another. Therefore, without loss of generality we will only consider the solution 


a = 




2C + R cos rQ 

From (I6.25P we obtain the corresponding solutions for I and 9: 


(6.25) 


9 


QRsin {rQ) 
2C + Rcos {rQ) 


2 arctan 


/2C-R 



(6.26a) 

(6.26b) 


Given the freedom to redefine the coordinate r, the solutions of the form (16.261) are solutions to the 
system (16.81) together with the initial conditions 


J a (ro) = 2C±R 
{ I{ro) = 0 


(6.27) 


for some rg G M and |i?| < 2 jCI. Figure [3] shows the phase diagram for this solution with tq = 0. 

The solutions (j6.26l) are of particular interest because they are periodic and thus given appropriate 
initial conditions they are globally defined when the manifold = L x M® is compact - in particular 
when L = S^. Suppose r is a coordinate on taking values in [0, 27r). Then, if Q = 2n for some integer 
n, then the solutions (|6.26l) are periodic, and are hence well-defined on S^. Note that when ^rQ is equal 
to a half-integer multiple of tt, there is a discontinuity in the solution for 9, with 9 —> ir when ^rQ 
approaches a half-integer multiple of tt from the left, and 9 —> —tt when taking the limit from the right. 
However 9 is itself defined up to an integer multiple of 27r, so the actual solution for the G 2 -structure is 
still continuous and moreover smooth. 


6.2 Nearly Kahler case 

Let us now consider the case when the 6-dimensional base manifold is nearly Kahler. As before, let fc = 2 
and G = 1. Then, the soliton equation (16.61) become 


1' 

= -a^ + 3/3^ -h 12a/3 + 2Ga - yL 

(6.28a) 

{a — 6/3)' 

= al 

(6.28b) 

p'l 

= 9/3^ -aP + 2G/3 -f fj. 

(6.28c) 


a + (3 


This system is very difficult to analyze, because it has no apparent symmetries or conserved quantities. 
We can however look at special solutions where at least one of the variables a,f3J is constant. 

Theorem 6.5 The only solutions of the system \6. with at least one of the variables a,l3,l eonstant 
are 


31 


















I 



Figure 3: Phase diagram for the case 4C^ — > 0. 


1. a = 0, /3 = 0, V = —fj,, for arbitrary /i 

2. a = 0, ^ = —9/3^ — 2(7/3, V = 2/3 (6/3 + (7), for arbitrary constant /3 

3. a = 0, /3 = — ^(7, /r = i^(7^, I arbitrary 

4. 1 = 0, a = -^C ± jhy^(72 — 10/i, p = —a for ^ ^ 

5. 1 = 0, a = 4^ + 2(7, /3 = for ^ > 0 

Proof. We will consider different cases where 13, a or I are constant. 

Constant /3 Suppose P' = 0. Then, (|6.28cp becomes 

(9/3^ - a/3 + 2(7/3 + ^) (a + /3) = 0 (6.29) 

From this, either fj, = 0 and /3 = 0, or a must also be constant and must either satisfy 9/3^ — a(3 + 
2(7/3 + /r = 0 or a + /3 = 0. In the first case, the equations reduce to (16.81) - the equations we had 
in the Calabi-Yau case. Now however, since A 0, in order to have (3 = = 0, we must have 

sin6* = 0. In particular, 6 must be constant. However, from Theorem l6.41 this is true if and only if 
(7 = 0 and we have a trivial solution. Therefore, for a non-trivial solution, a has to be constant. 
From (I6.28bl) . this however implies that al = 0. The case I = 0 will be considered below. Suppose 
a = 0. Then, from (I6.28al) we have 

I' = 3/3^ - /r 

From (I6.29|) . either /3 is also zero, and V = —fj, or fi = —9/3^ — 2(7/3, so that 

/' = 2/3 (6/3 +(7). 

Thus, we obtain solutions 1 and 2. 
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Constant a Suppose a' = 0. Then, the equations (16.281) become 

I' = -c? + 3^^ + I2a(3 + 2Ca - (6.30a) 

P' = “gOiZ (6.30b) 

P'l = (9/3^ — a/3 + 2C/3 +/i) (a +/3) (6.30c) 

We already considered the case of constant P, so suppose a ^ 0 and I ^ 0. From equations (I6.30a|) 
and (j6.30bp . we find a conserved quantity F, given by 

al^ + 12 (P^ + 6aP^ - (a^ - 2Ca + fx) p) = F 

while, from equations (|6.30bll and (j6.30cll . we find 

al^ + 6 (9/3^ - a/3 + 2(7/3 + /i) (a + /3) = 0. 

From these two equations, we find that /3 satisfies a cubic equation with constant coefficients, and 
hence must also be constant. Therefore, we do not get any new solutions in this case. 

Constant I Suppose I' = 0. Then, the equation (I6.28ap becomes 

-a^ + 3/3^ + 12a/3 + 2Ca -/i = 0 (6.31) 


Differentiating this, we find 

a' (-a + 6/3 + C) + 3/3' (/3 + 2a) = 0 

Substituting (I6.28bl) . we get 

al (-a + 6/3 + C) + 3/3' (13/3 + 2C) = 0 

Now using (I6.28cl) . we get another polynomial equation for a and P 

al^ (-a + 6/3 + C) + 3 (9^^ - a/3 + 2Cp + fx) (a + P) (13/3 + 2C) = 0 (6.32) 

Therefore, a and P satisfy the polynomial equations (16.311) and (16.321) . By explicit calculations 
(using Maple) it can be shown that a and /3 must be constants that depend on C, I and /i. However, 
it means that in equation (I6.28bl) . either a = 0 or Z = 0. Suppose a = 0. Then, from (I6.28al) we get 
that 



So /3' = 0, and thus from (|6.28c|) . we get 

(9/3^ + 2CP + /r) /3 = 0 

So either /3 = 0, which is a case we already covered in (16.371) . or 

/3 = -ic, /r=^C2 (6.33) 

Note that in these cases I is an arbitrary constant. 

The other possibility is that 1 = 0. So suppose a ^ 0. In this case, a and /3 have to satisfy (16.311) and 

{9P^ -aP + 2CP + fx)ia + P) = 0 (6.34) 

Then either /3 = — a, where a satisfies 

lOa^ - 2Ca + /i = 0, 
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which gives solution 4, or 


9^^ - a/3 + 2C/3 + /r = 0. (6.35) 

Note that the equations (16.311) and (16.351) are equivalent if /3 = —a, but we already considered this case. 
Suppose /3 0. Then, from (I6.35|) . 

a=^{^JL + 2CP + 9/3^) 

Using this we find that (16.311) simplifies to 

- 3/3^) (10/3^ + 2(37/3 + Ai) = 0 


and hence 

a (^i — 3/3^) (a + /3) = 0. 

We have already considered the cases a = 0 and a + ,0 = 0, hence 13^ = ^. Thus we get solution 5. If 
however, /3 = 0, then equation (16.351) forces p. = 0, and hence from (16.311) a = 0 or a = 2(7. These cases 
are however already covered. Therefore this exhausts all the possible solutions. ■ 


Remark 6.6 Recall from h3.29\] that the T 27 component of the torsion is proportional to a+/3. Therefore, 
in Provosition 1 6 . 51 the solution 5 always has T 27 = 0, since a + /3 = 0. Therefore, this solution corresponds 
to a nearly parallel G 2 structure with only the t\ torsion component being non-zero. Since in this solution 
the only restriction on p, is that p < ^ we may have solutions of different kinds - shrinking solutions 
(p negative), expanding solutions (p positive), and steady solutions (p = 0). Similarly, in solution 5, we 
can get a + /3 = 0 if C is negative and 


p = —( 7 ^. 
^ 169 


So for this value of p we obtain another nearly parallel solution. However this time, these are all expanding 
solutions (except the trivial steady case when (7 = 0/ Moreover, by fixing 



we obtain a — Qfd = 0. This gives ti = 0, and a non-zero T 27 - hence this soliton solution is a G 2 -structure 
of pure type 27. 


A special simple solution is a = / = 0. Note that in this case, the torsion vanishes, and we have a 
torsion-free (72-structure. Then, the first equation just becomes 

I' = -p ( 6 . 36 ) 

From the definition of /3, we find that sin0 = 0, so 6 * = 0 or tt. However from 7 = 0, we also have 
h' = —\cos9. Thus we have the following solutions: 

J 6» = 0, h = -Xr -I- ho, I = -pr + k oyN 

I 6» = 7r, h = Xr + ho, l = -pr + lo ^ ’ 

These are precisely the solutions also obtained in [TO] . 

Consider now another special case where I is constant. It then turns out that if I is constant, then 
necessarily, either I — 0 or p has take a particular value that depends on (7. These cases then cover all 
the remaining exact solutions of the corresponding system that were found in m, as well as additional 
solutions. 

Proposition [ 63 ] gives us the critical points of the equations (| 6 . 28 |) . however it can be easily seen that 
linearizations at these critical points are degenerate, and therefore do not provide much information about 
the full system. 
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